ABSTRACT. The linear isometries u: A -> A of the disc algebra A into itself are completely described. Such isometries u must be one of two distinct types.
PROPOSITION 1. Suppose 4> G 77°° and \\4>\\ < 1, where ai =¡ hy/h2 with hx, h2 G A. Let S = {teT: h2(t) = 0}. Suppose tp G A and tjj(s) = 0 for s G S.
(a) Then uf = tp ■ /(</>) defines a bounded linear operator from A into A. (b) The operator u is an isometry ■& \\4>\\ = \\tp\\ = 1, and there is a closed set Q in T such that Q D S =0, <f)(Q) = T and \tj)(q)\ = 1 for all qGQ.
An isometry u: A -> A of the form described in Proposition 1(b) will be called a Type X isometry on A.
McDonald [33, Proposition 1.1] shows that isometries as in part (b) are precisely the ones satisfying (ul)u(fg) = (uf)(ug).
Type 1 isometries are quite natural and expected in this situation, since for many function spaces X (e.g., on 77p or Lp) all isometries are of the form uf = tp ■ f((p), where the conditions on tp and tp depend on the nature of A.
A wide variety of allowable functions tp and tp, for which uf = tp ■ f(4>) is an isometry of A, can be imagined. For example, if ¡px G A is a "Riemann map" of D to the quarter annulus {z: 1/2 < z < X and 0 < arg 2 < 7r/2}, then some proper arc Q of T is mapped onto {z: \z\ = 1 and 0 < arg z < n/2}. Thus uf = tpf(tp) is an isometry, where tp = (</>i)4 and tp G A is any norm 1 function which is unimodular on Q.
We also note that <p G 77°° is of the form tp = hx/h2, where h\,h2 G A <t> the radial limit of (p is continuous off some closed subset of T with measure zero.
The next proposition is trivial. An isometry u: A -> A of the form described in Proposition 2 will be called a Type 2 isometry on A.
We are now in a position to state our main result.
THEOREM A. Any isometry of A is either of Type X or of Type 2, i.e., of the form described in either Proposition X or Proposition 2.
One reason for the existence of what we have called Type 2 isometries on A is that A contains isometric copies of C(T) (see Pelczynski [21] ). This second type of isometry previously appeared (in the context of Banach spaces of the type C(K). K a compact Hausdorff space) in Holsztynski [12] (see also Proposition 1 of Pelczynski [23] ).
In order to illuminate the nature of Type 2 isometries, we make the following observations.
We note that for any closed subset Q of T of measure zero there are many norm 1 extension operators E: C(Q) -> A as shown by Pelczynski [21] and Michael and Pelczynski [18] (also see Rudin [25] , Carleson [6] , and Bishop [4]).
We also note that if Q C T has measure zero then there exist continuous maps <p: Q -> T of Q onto T <$ Q is uncountable (e.g., Q is a homeomorph of the Cantor set). This argument goes as follows: (1) m(Q) = 0 implies Q is totally disconnected (it cannot contain intervals); (2) Q uncountable implies that it contains a homeomorph of the Cantor set which must be a retract of Q; (3) there are well-known maps of the Cantor set onto T.
Thus we see that Type 2 isometries exist in profusion. Unfortunately, it seems that Type 2 isometries can never be described very explicitly, since, firstly, the maps <p: Q -> T, in the few cases in which they are explicit, are rather ugly, and, secondly, the extension operators E : C(Q) -» A, which are constructed by Michael and Pelczynski using a limiting process, always seem to be illusive. First of all, Kt = ((u*)-1^) n B(A") ¿0
because u is an isometry and, thus, u*(B(A*)) = B(A*). But Kt (using the terminology of §V.8 of Dunford and Schwartz [7] ) is a weak* compact extremal subset of B(A*), so it has extreme points which will also be extreme points of For (b) we first note that, since Q n S = 0, although 0 G 77°°, its radial limit is continuous on T -S so that (p(Q) makes sense. The proof that a Type 1 operator is an isometry is straightforward.
Conversely, if uf = tp ■ /(</>) is an isometry, then the set Q is obtained from Proposition 3. Taking g in Proposition 3 to be 1 gives \tp(q)\ = |p(<?)-1| = 1 for q G Q (hence, Q n S is void). Taking g to be z gives the desired conclusion <p(Q) = T, and the rest of the proof is apparent. Letting / = 1 we get, for q G Q, p(q)(uX)q = X or uX = 1/p on Q. Thus,
uf(q) = (uX)(q)f(4>(q)) for / G A and q G Q.
Next we establish (2) (uX)(u(fg)) = (uf)(ug) for f,g G A.
For from (1), for q G Q, (uX)(q)u(fg)(q) = (uX(q))2f(<P(q))g(<P(q)) = (uf)(q)(ug)(q). Finally, putting f = z in (X) we get, for q G Q, (uz)(q) = (ul)(q)(p(q). Thus 0 = 0i on Q. This implies ||0i|| = 1. It also implies from (1) 3. Some further remarks. We remarked earlier that one reason for additional isometries on A, besides the natural Type 1 isometries, is that the disc algebra contains subspaces isometric to C(T) which naturally contains A. However, not all Type 2 isometries are restrictions to A of isometries of C(T), as illustrated by the following example (which appears in Rochberg [31] ).
EXAMPLE. Let Q be a closed subset of T which is homeomorphic to the Cantor set and has Lebesgue measure 0. Let 0 be a continuous map of Q onto T. By Rudin's Theorem [25] there are functions 0i and 02 in A such that 0i = 02 = <p on Q, but 0i t^ 02 and ||0i|| = ||02|| = 1. Now define u: A -* A by uf = i(/o0i+/o02).
